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LIFTING-SURFACE-THEORY PROBLEMS

By Robert S. Swanson and Stewart M. Crandall

SUMMARY

A method is suggested for making lifting-surface
calculations by means of magnetic measurements of an
electromegnetic-anrlogy model, The method is based on
the perfect analogy between the strength of the magnetic
field around a conductor and the strength of the induced-
velocity field around a vortex. #Hlectric conductors are
arranged to represent the vortex sheet. The magnetic-
field strength is determined by measuring, with an e¢lec-
tronic voltmeter, the voltage induced in a small search
coil by the alternasting current in the wires representing
the vortex sheet.

Solutions of nonlinear lifting-surface problems may

be obtained by placing the conducto 3 renre,cntlng the
trailing vortices along the fluid lines (Helmholtz con-
dition). A potential-flow solution for the distortion

and rolling up of the trailing-vortex sheet may be obtained.
By use of the Prandtl-Glauert rule, the lifting-surface
theory mey be adapted to include first-order compressibility
effects.

A comparison wes made of the downwash determined by
-means of 2 preliminary electromagnetic-analogy model with
the downwash obtained by calculation for an elliptic wing
having an aspect ratio of 3. The accuracy of the magnetic
measurements comperesd satisfactorily with the accuracy of
the downwash calculations.

INTRODUCTION

There are many important aerodynamic problems for
which solutions by lifting-line theory are inadequate.
These problems cen be solved much more satisfactorily by
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a lifting-surface theory; that is, a theory in which the
1ift is assumed to be distributed over a surface instead
of along a line. The calculations necessary to determine
solutions by lifting-surface theory, however, are rsther
laborious even for the simplified case in which the vari-
ation in incremental pressures with the effective camber or
the angle of attack of the surface is linesr. A more exact
nonlinear solution is very nearly impossible to calculate
excert for a few special cases. A few of the aerodynamic
problems for which solutions by lifting-surface theory are
desired are: the plan-form corrections necessary for the
prediction of finite-span hinge-moment cheracteristics
from section dete; the determination of spanwise and chord-
wise load distributions of wings with low aspect ratio,
wings with sweep, wings in sideslip, wings in roll, and
wings in turning flight; more exact solutions for the
unsteady 1ift of finite wings; end an improved theory of
the field of flow near propellers,

In reference 1 it wes shown that the plan-form correc=-
tions determined from lifting-line theory are inadequate
for hinge-moment predictions. The plan-form corrections
determined by s lineer lifting-surface theory (reference 2),
however, were shown to be quite satisfactory for the pre-
diction of hinge moments at smell angles of attack. Ior
wings at larger angles of attack, especielly for wings with
squere tips, a nonlinear lifting-surface theory is reguired.

The electromagnetic-analogy method was developed in
an attempt to make csaslculations by both linesr and non-
linear lifting-surfece theories practical. The time and

-expense required to bulld and test an electromagnetic-
‘analogy model of a wing and wake were expected to be small

compared with the cost of applying other methods available
at present, even for the lineer case. The electromagnetic-
analogy method is based on the fact that the magnetic

field around a wire carrying electric current is perfectly
analogous to the velocity field around a vortex. It has
also been shown (reference 3) that the lifting surface and.
wake may be repressented by a vortex sheet and may therefore
be renmlaced by conductors arrsnged in the configuration

of the equivalent vertex sheet. Simple measurements of

the magnetic-field strength then replace the difficult
induced-velocity calculations.

For nonlinear solutions of lifting-surface problems,
the trailing-vortex shest represented by the wires 1s
rolled up and distorted instead of lying in a plane as it
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is usually assumed to do. In figure 1 is shown a simplified
Picture of a rectangular wing of low aspect ratio at a large
angle of attack with a rolled-up and distortéd trailing-
vortex sheet. Of the various features of the distorted
vortex sheet that contribute tor the monlinearity, the most
importent is the vertical spacing of the trailing vortices.
The increase in verticel spacing as the angle of attsck is
increased results in a decrease in the vertical component

of induced velocity at the surface, especially near the

wing tips; thus the: slope of the 1ift curve.is incressed

as the angle of attack increases (see reference 1) and the.
slopes of hinge-moment curves are more negative (refer-

ence 1), :

The present report describes the basic theory of the
electromagnetic-snalogy method and the general procedure
by which various serodynemic oroblems may be solved by this
enalogy. A few preliminsry results for the linear case
are presented for an ellintic wing heving an aspect ratio
of 3, as well as a compariscn of the results obtained by
the present method and the results calculated by the method
of reference 2.

SYMBOLS

vortex strength

T ax meximum vortex strength

Ap pressure difference across 1lifting surface

v free-stream velocity

M mach number, ratio of free-stream velocity to sonic
veloclity

p fluid density

X distance along free-stream direction from leading
edge of wing '

v spanwise distance
Z vertical distance above plane of vortex sheet

H magnstic-Tield strength
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1 current ir conductor

e induced voltage

1 length of conductor or vortex

r distance from element of conductor or vortex to point

in question

v induced velocity
w verticsl component of induced velocity (downwash)
u horizontal component of induced veloclty (free-stream

direction)

K constant
t time

b span

c chord

Bar sbove symbol indicates a vector, as H, T, T, and V.

BASIC THEORY
Solution of Aerodynamic Froblems by Avallable

Lifting-Surface Theories

The distribution of 1ift over a lifting surface cennot,
in general, be expressed in any simple methematical form
such as cen be obtained by lifting-line theory. This state-
ment is especislly true for nonlinear lifting-surface
problems. Except for a few special plan forms (references 5
and 6), the method of determining the induced downwash for
a given lift distribution also is too complex for expression
in mathemeatical form. In order to obtein an exact, complete
analytical solution, however, such expressions must be known.

The determination of the surface to sustain an arbi-
trary lift distribution may be accomplished by means of
the electromagnetic-analogy method described herein or,
for the linesr case, by the semigraphical method of refer-
ence 2. The inverse problem, determining the 1lift distri-
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bution over -an arbitrary surface, may then be solved by =a
process of successive approximations, A reasonable distri-
bution of vorticity is assumed or calculated from the

simple lifting-line and thin-airfoil theories, snd the
induced velocities corresponding to that vortex distribution
are determined by making an electromagnetic-snalogy model

of the vortex sheet and measuring the magnetic-field strength.

If the induced velocities do not satisfy the boundary con-

ditions - that is, the shspe of the lifting surface - the
vortex sheet 1s suitebly sltered and the process repeatcd
until the boundary conditions are sstisfied. For the non-
linear problem, not only must the induced velocities satisfy
the boundary conditions of the wing shape but elso the
trailing vortices must satisfy the Helmholtz condition,
namely, that the vortices must trail along fluid lines,
(See reference 7.) In practice, satisfying these simple
conditions may require a considerable amount of work unless
the first sporoximation is fairly accurate. In order to
obtain a somewhat more general solution, for the linear
case at least, the surfaces required to supvort several
different 1lift distributions msy be determined so that the
shaepe for s particuler 1ift distribution may be estimated
by a process of interpolation or superposition.

There are, however, seversl problems for which a com-
plete notentiel-flow solution of the inverse problem is not
necessary. For example, in order to include the main
effects of viscosity, the estimation of the hinge-moment
parameter for finite-svan wings should be made by applying
theoretical aspect-ratio corrections to experimental section
hinge-moment parameters. For such problems the additional
aspect-rstio corrections may be determined simply and
accurately from the surface required to support a given
lift distribution (reference 1) as found by lifting-surface
theory.

The results of the electromagnetic-analogy solution
of the lifting-surface theory may be corrected for first-
order compressibility effects by a simble application of
the Prandtl-Glsuert rule (reference 8). The method consists
of determining the incompressible~flow characteristics of
an equivaleng wing the chords of which are increased by the

factor J:::::—. Tt is thersfore necessary only to build
1 -M
an electromagnetic-analogy model of s wing of Ehis slightly

lower aspect ratio <lower by the factor

——==—— ) or to
N1 - u2) ‘
test models of several aspect ratios and interpolate. The
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pressures (or vorticity) acting upon this incompressible
equivalent of lower_aspect ratio, however, must be increased

by the factor v:::::g. In order to find the 1lift, these
1-M

increased pressures. are referred to the original wing and
integrated.

Vortex Sheet

Inasmuch as the equivalence of a lifting wing and wake
to a vortex sheet mey be considered to be well established
(reference %), only the important characteristics of the
equivalent vortex sheet and the relations between the lifting
wing and the vortex sheet will be given.

The part of the vortex sheet representing the lifting
wing consists of & sheet of bound vortices. The strength
of the vortices is directly associated with the 1lift distri-
bution of the wing. The product of the air density, the
free~-stream velocity, the vortex length perpendicular to
the free-stream velocity, and the vortex strength of each
elementary vortex equals the 1lift contribution by that
elementary vortex (Kutta-Joukowski law). If the 1ift
distribution of the wing is known or assumed, therefore,
the equivalent vortex distribution may be easily obtained.
A continuous 1lift distribution (as measured by pressure
distribution Ap) mey be integrated to give a continuous
vortex distribution. The integretion formula (reference 2)
for obtaining the vortex distribution 1is

r :t/'X %% dx (1)
0]

where pV 1s the product of the density and the free-
stream velocity and the integration is mede in the free-
streem direction. Equation (1) zives the chordwise
P-function at each section. The values of I' at the
treiling edge of the wing at each section also give the
spanwise vortex distribution of the wake. The bound
vortices may be assumed to lie along a mean surface, half-
way between the upper and lower surfaces of the wing.

The part of the vortex sheet representing the wake
consists of the so-called trailing vortices. As the name
implies, these vortices originate at the trailing edge of
the wing and merely trail behind the wing. These vortices
are free to move and thus lie along the local stream lines,
or fluid lines. This simple kinematic condition, the
Helmholtz condition (reference 7), determines the configu-
retion of the trailing-vortex sheest.
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The trailing vortices for lightly loaded wings usually
lie very near a plane; that is, these vortices travel
“ralmost- stralght back from thelr origin at the trailing
edge of the wing. For highly loaded wings, however, the
trailing-vortex sheet 1s known to be considersbly distorted,
rolled up, and inclined with respect to the {rse-stream
direction. (8ee fig. 1.) The characteristics o the air
flow behind wings are describved in more detail in refer-
ences 9 and 10, :

Electromagnetic Analdgy

The perfect analogy that exists between the strength
of the magnetic field sround conductors and the strength
of the induced-velocity field around columnar (finite-
diemeter) vortices is well known. In fact, the phenomena
of the induced velocities around vortices are usually
explained in eserodynamic textbooks by the analogy with
electromagnetic phenomena. Both phenomena are potential
flows.

The vector form of the differentiel equation for the
magnetic-field strength dE at any point caused by the
current i  flowing in an infinitesimal length di of
wire is (from p. 242 of reference 11)

i —
4 = 1o E (2)
iTl>

where T 1s the vector from the current slement to the
noint in question. This eguation is usually called the
Biot-Savert law in aerodynemic textbooks.

The same form of equation (2) but with different
constants applies to the induced velocity _dv at any
point caused by an infinitesimal length d7 of a vortex
of strength I' (reference 9); that is,

. I al xr
dv = — — (3

U (7|3

The units in which the various quantities in
equations (2) and (3) are usually measured are widely
different. 1In equetion (2), for example, H is usually
given in gauss, 1 1in abamperes, and 1 and r in
centimeters. In eqguation (3), v 1is usually in fest per
second, I' 1in feet sgueared per second, and 1 and r
in fset. ~
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Small search colls are used to measure the strength
of the megnetic field. These search coils must bs cali-
brated in magnetic fields of known strength - for example,
in a Helmholtz coil (fig. 2). If the vortex equation (3)
end the usual vortex units are used to compute the induced
velocity in the Helmholtz coil (p. 269, reference 11) -
that is, are used ss the calibrating unit - and if the
ammeter measuring the current in the Helmholtz coll is
considered to read vortex strength, conversions of electro-
magnetic to serodynamic units will not be necessery. All
conversions and constants becoms merely a part of the over-
all calibration constant of the search coils.

CONSTRUCTION OF ELECTROMAGNITIC-AMALOGY MdDELS

Approximate Representation of Continuous Vortex Sheet

The replecement of & continuous vortex distribution
by a finite number of conductors must, of course, involve
some approximetion. Two orocedures for constructing models
have been tried. For the preliminary electromagnetic-
anelogy model, a set of 50 circulesr electric wires carrying
the same current (connected in series) representing
50 columnar vortices of egual strength were distributed
over the wing end wske. (See fig. 3.) The srrangement
of the wires was determined as follows: PFifty contour
lines of T were celculsted from equation (1). (Ses
rcference 2.) Hach wire was placed halfway between two
adjacent T'-contour lines end thus represented
AP/PmaX = 0.02. In order to illustrate the degree of

the apnproximation involved, the continuous chordwise
I-function at the plane of symmetry and the stepwise
distribution of wires used to represent the continuocus
distribution are given in figure li.

The possibility of errors resulting from the use of
en incremental distribution is, however, more serious than
simply the possibility of not obtaining a gzood reéepresen-
tation of the distribution of vorticity in the continuous
wake. The induced velocity resulting from an incrementsl
vortex pattern may vary greatly about the msan value that
would be obteined by the continuous sheet, because the
magnitude of the induced velocity veries inversely with
distance from the vortex core and becomes higher than the
meen value on one side of each stepwicse vortex increment
and lower than the mean value on the other side. The
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effect is 1llustrated in figure 5. It is thus necessary
to use as many wires as practicable to epproach as nearly
ags-~possible-a continuous -sheet-and -to-measure the induced
velocities at a great number of points so that the mean
value of the induced velocity may be obtained more easily
and more accurately from falred curves. _

The prelimlnary model, constructed of 50 wires, gave
satisfactory results and it is believed that 50 is sabout
the optimum number of wires. Construction difficulties
are too great if more wires are used, and the accuracy is
not great enough if fewer wires are used. Another, more
complex method of construction was adopted for a few
models put the results obtained were not much more accurate
than those obtained with the simplsr wire construction
method, The other construction method was to use tain
aluminum strips (resulting in "flat wires”) rather than
circular copper wires (fig. 6), the resson for this type
of comstruction being thst a more nesrly continuous dlstri-
bution of vorticity and s corrssyponding smoother induced-
veloeity field could be obtained. The effect of eddy
currents in the aluminum strips proved to be more important
then was originally expected, however, and ths induced
magnetic field was only slightly smoother than with
circular wires and was nct so regular; thus difficultiss
in fairing the measured induced magnetic field proved to
be gbout the same for both tyves of model.

Correction for Finite Thickness of Wires

Calculations by the lifting-surface theory are usually

made for points in the plsne of the vortex sheet. Because
he wires revresenting the vortices sre of finite thickness,
the magnetic-field strength must be measurzd at several
verticel heights and extrapoleted. to zero, that is, to the
center of the wires. Except nesr the wing tips and the
leading edge of the wing, this extrapolation is usually
linesr and can thus be made quite accurately. The fact
that measurements are made above the wires simplifies the
fairing problem, because the variatlon in the magnitude

of the vertical component of induced veloecity about the
msan value (fig. 5) decreases with increcase in vertical
height. '
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Correction for Finite Length of Trailing-Vortex Sheet

For the steady-state condition of a finite-span lifting
surface, the trailing-vortex sheet extends from the trailing
edge of the wing infinitely far downstream. It is necessary
to determine corrections for the finite length of trailing-
vortex sheet of the electromagnetic-analogy models. The
wires representing the incremental vortices were connected
in series:; the closing loops were about 0.7 span behind the
wing for one model and about 2 spens behind the wing for
another model. (See fig. 3.) Becsuse the correction for
the ezpproximation of the infinite length of the trailing-
vortex sheet is fairly small - about a 5-percent correction
for a O.7-span wake and less than l-percent correction for
a 1.5~ to 2.0-span wake - it appears that wekes need not
be longer then 1.5 spsns. DMNore downwash is contributed by
the closing loops than by the missing trailing vortices.

The correction is simply the difference botween the down-
wash contribution of the closing loops and the contribution
of the missing part of the trailing-vortex sheet. The
corrections are smsll and can usually be estimated by
assuming thet the span loading is a simple rectangular
loading or the sum of two rectangular loadings.

The corrections mey also bs detsrmined from measure-
ments of the induced field ot a distance behind the closing
wires equsl to the length of wake revresented. That is,
if a measurement is msde at the corresponding spanwise
noint 1 wake lsngth behind thz model, the effect will be
the seme as if a measurement were made on the wing of the
downwash due to a mirror imsge of the modsl reflscted from
the closing loops. Such an image would cancel the effect
of the closing loops and would double the length of the
weke. The remsining error is reletively small.

SUGGESTED METHOD OF MEASURING MAGNZTIC-FIELD STRENGTH

Seversl methods of measuring the magnetic-Ifield
strenzth were investigated. The fundsmental principle of
the method selected as belng the simplest and es requiring
the least special equipment and the least development work
is given herein. This method consists in passing alternating
currents through the wires revpresenting the vortex sheet
snd messuring the magnetic-~-field strength by means of the
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veltage induced in a small search coil. A discussion of
other possible methods of measuring the magnetic-field

T8trength is given in the appendix. -

Basic Principles

According to the principles of electromagnetic
induction (reference 1l1l), the electromotive force induced
in a fixed circuit (the search coil, in this case) by
changing the msgnetic flux through the coll is equal to
the time rate of change of flux linkages with the coil.
If an alternsting current is passed through the wires
representing the lifting wing and the wake, the magnetic-
field strength will slso be alternating at the. same
frequency and with the sane wave shave. This Fact may be
seen from equation (2), because the instantsneous value
of dH 1is proportionzl to the instantsneous value of 1.

A simple method of determining the msgnetic-ficzlad
strength, therefore, is to measure with an electronic
voltmeter the voltages induced in a small sssrch coil (fig. 7)
when alternsting current is vassed through the wires
representing the vortices (fig. 3). The seerch coil is
directional; that is, this coil measurecs only the component
of megnetic-field intensity along the axis of the coil.

Practicsl Problems

Upper~frequency limit.- Bscause the vcltage induced
in the search coll iIs proportional to the rate of change
of flux, it would seem desirable to use a very high-
frequency current so thst the voltage induced in the
search coil would be very lesrge and thus somewhat easier
to measure. The meximum freguency that may be used,
howesver, is about 300 cycles, becsuse the capacitance
between the closely spaced wires in the model representing
the vortex sheet becomes important abovs this frequency.
If greeter frequencies are used, capacitative reactance
becomes sufficiently low to have perceptible effect. iWhen
the capecitative reactsnce between wires becomes small,
the current is not the sams in all wires even though they
are connected in series. The maximum allowsble frequency
was determined from measurements of the capacitative
reactance of the electromagnetic-znalogy model used for
the preliminary tests, to be described in the section
"Preliminery Tests with Electromagnetic-Anaslogy Model.®
The capacitative reactence, and thus the leakage current
of this model, became measurable above about 300 cycles.
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Several other models tested have had asbout the same or a
higher limiting frequency; therefore, a 300-cycle limit
is believed to be conservative,

Wave shape.~- The fact that the frequency is limited
to about 500 cycles slso requires that the wsasve shape of
the current in the vortex sheet be very nearly sinusoidaly
that is, any departure from a simple sine wave mesns that
higher hermonic frequencies are also present. Ususlly the
most nearly sinusocidal wave shape is obtained by putting
enouzh condensers in series with the model to balence the
inductance of the model; in this way a pure resistance
loed is put on the generator.

" The easiest way to debtermine the wave sheps is to look
at the voltsge output of the sesrch coil by means of an
oscilloscope. This wave shape is not thset of the current
in the wires but depends on the rats of change of current i

with time +t - thet is, the Induced voltsasze e 1is egual to
di . . .o s .
:E' The amplitude of the third harmonic as seen on the

oscilloscope is, then, three times the emplitude of the
actual third harmonic of the current. In other words, the
wave shape of the voltage ocutput of the search coll looks
much more irregular thaen the wave shape of the current in
the wires actually is., I the filters that are added to
he circult meike the voltage output of the search coll
avpear satisfactory, no further test is necesssary.

Practicelly &ll alterncztors have wsve shapes that are
not sinusoidel and that change with load. The wave form
of the current in the Helmholtz coll, used to calibrate
the search ceoil, must be identical with that of the current
in the electromegnetic-analogy model., Probably the easiest
way to make these weave forms identical 1s to connect the
Eelmholtz coil and the electromagnetic-analogy model in
series. The Helmhcltz coil and the electromagnetic-
anslogy model snould be placed as far apart as possible
end should be oriented in such a way that downwash messure-
ments on the analogy model sre unaffected by the field of
the Helmholtz coil and that the Helmholtz field is unaltered
by the snalogy-model field while the seerch coil is being
calibrated. It would eslso be advsnitageous to elfect an
arrangement such that the search-coil celibration could
be checked frequently. A feirly satisfzctory arrangement
was employed for the preliminsry tests. (See fig. 3.)
The leads from the search coill were long eriough to go to
either the Helmholtz coil or the analogy model.




T,

NWACA ARR No. I5D23 . 13

Search coils.- The optimum size of the search coil
depends upon two factors. First, the search coil must be
small. enough to make “point" measurements possible. If
the coil is too lerge and the magnetic-field strength varies
norilinearly with oos;tion, the effective center of the
coll may be too far from the geometric center. If the
coil dimensions are kept small relative to the wing, little
error due to this cause will result. The size of the
search coll therefore depends upon the size of the
electromagnetic-analogy model, The second consideration
is that, for accurste voltage measurements, the voltage
output of the search coil hould be at least 0.0001 volt
and a minimum value of 0.001 volt is preferable.

Several sizes of coil were trisd with the preliminary
model, and it is felt thst the maximum~size search coil
that gives measurements fairly close to point measurements
is one with a dismeter about 1 percent of the wing semi-
span and g height about 0.5 percent of the wing semispa
In order to get the desired search-coil voltaﬂe output,
the model semispen must be at least 3 to L feot eand the
gsearch coil should have about 1000 turns and be wound with
about No. U3 wire (0.0022-in. diam.). If a lsrger model
is used, larger wire may be used to wind the coil, although
wire as smsall as 0.001 inch was wound satisfactorily for
the coil used for the preliminsry tests., It is probably
desirable to have a number of search coils (fig. 7) of
various sizes, however, to meel any specisl conditions.
Smaller coils ere desirable near the leading edge and the
tins of the wing and in other places where the flux fisld
varies rapidly.

The search coil must be wound rather carefully so
that all loops are as nearly perpendicular zs possible to
the axiz of the coil in order to maintain the dirsctional
propertiegs of the coil. The coil must then be carefully
mounted on the survey apparatus. A test for the correct
mounting (or alinement) of the coil is to read the voltage
output of the small coll when mounted with its axis vertical
at a position on the electromagnetic-analogy model where
the horizontal component of the magnetic field is stronger
than the vertical component. Regardless of how the search
coil is turned sgbout its verticsel axis, the voltage out-
put should be the sams if- thb search coil is kept at the
same place on the model.

The leseds from ths search coil to the slectronic
voltmeter must be twisted so thet no large loops ars present.
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Otherwise, the voltage measured by the electronic volt-
meter will not only be the voltage induced in the search
ceil but will also consist of the voltage induced in these
leads. The errors resulting from pickup in the leads may
be made negligible by tightly twisting the leads, by
meking the number of turns in the search coll large so
that the lead pickup gives a small percentage error, and
by bringing the leads in perpendicular to the vortex sheet
gso that the leads will be in the region of low magnetic-
field strength.

Extraneous fields.- One of the most importsant problems
in measuring the magnetic-field strength is to filter out
all extraneous filelds. It is desirable to make the tests
in a2 wooden bullding feairly far from clectricsl distur-
bances such 28 e¢lectric motors and computing machines.
Reasonably satisfactory results may be obtained in spite
of these disturbances,if nscessary, by the use of an
electrical filter in the circult of the search colil and
electronic voltmeter. Suca g filter suppresses any voltage
of frcquenc1bs otirer than the one passing through the
vortex sheet, Beceuse the {ilter may act &8s a search coil
itself, it must be located some distance from the model,

Meesuring equioment.- No current should be drawn in
meesuring ses TCA-COLL voltage, which is of the order of
only 1 millivolt. Commercial electronic voltmeters combine

the high sensitivity and high resistance demanded. Small
amounts of power-supply ripple usually exist in these
voeltmeters, This vower-suonly ripnle interferes with
measurements made at integral multloles of the line fre-
guency, end cere. should be taken to avoid use of these
frequencies in testing.

PRELIMINARY TESTS WITH ELSCTROMAGNETIC-ANALOGY MCDEL

In order to check the accuracy of the electromagnetic-
anslogy method of sgolving lifting-surface problems, a
vortex pattern for which the induced velocities had already
been cslculated by the metrhiod of reference 2 was inves-
tigated. Calculations were made of the vertical component
of the velocities induced by a planes vortex sheet reprea
senting the lift distribution esitimated from the two-
dimensionsl thesories for gn ellivtic wing having an aspect
ratio of 3.
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Equipment

A small model of the plane vortex sheet-was constructed
of 50 wires representing 50 incremental vortices. This
model (fig. 3) represents about the smallest model (wing
span of 3.% ft) that will yield satisfactory results. A"
small search coil (fig. 7(2)) of 1000 turns was used to
measure the magnetic-field strength. A felmholtz coil
(fige 2) was used to calibrate the search ccil. The power
supply was a 500-cycle alternator driven by a direct-
current motor, the speed of which was controlled so that
the frequency output was held at 270 cycles. The direct-
current field of the alternstor wes sdjusted to give a
current outout of B ampsres. The wave shape was very.
nearly sinusoidal (third harmonic, less than Iy percent of
the first hsrmonic).

dome trial tests were made in the workshop of the
Langzley Atmospvheric Wind Tunnel Section. The results
proved unssatisfactory, however, because of excessive elec-
tric and magnetic Interference. The apparetus was then
moved to a lerge wooden bullding, in which there was very
little electric and magnetic interfsrence. The setup is
shown in figure 8. The small amount of ©60-cycle electric
interference thst was still present was eliminated by
usingz a 100-cycle high-pass filter in the electronic-
voltmeter circult.

Results

A complete survey wes made of the induced-velocity
field (both the horizontal and vertical components) sat
from 50 to 100 chordwise. points at each of 15 spanwise
locations on the modsl and at several verticsl heights.
Near the leading edge and the tips of the medel, the
effect of vertical height was very larpe and, at all
locations, the effect was large enouzh to resguirs surveys
at severeal heights Iin order that the results could be
extrapolated to zero vertical height.

The most impmortant comnonent of induced velocity
> computed by lifting-surfece theory is the vertical component.
The only reason for messuring the horizontal component 1is
to check the arrangement of the wires representing the
vortices. According to the assumptions of thin-airfoil
theory, the horizontal component of induced velocity is
proportionel to the pressure distribution. Velues of the
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horizontal component u of the induced VblOClty
measured at a relative vertical height of /2 = 0,008

are shown in flgure S along with the theoretical velocity
distribution that the wing was built to represent. The
agreement is satisfactory and indicates that the medel
was constructed with sufficient accuracy.

Chordwise surveys of the messured value of the ver-
ticel component w of the induced velocity are presented
in figure 10 for seversl spenwise locations and vertical
heights. (Mot all of the data are presented.) These and
similar dsta were extrapolsted to zero vertical height
(fige 11) and corrected for the finitse length of the
trailing-vortex sheet (correction, about one-hslf of 1 per-
cent) end are summerized in figure 12. Included in fig-
ure 12 are the calculated values. The agreement between
the two sets of results msay be seen to be satisfactory.

The time snd labor involved in obtaining the solution were
considerably less (approximately one-third the man-hours)
by the anslogy method than by calculation, after the proper
experimental techniqus had been detsrmined.

CONCLUDING REMARKS

A method for msking lifting-surface calcula tlons by
means of magnetic measurements of an electromagnetic-
enalogy model has been develcped. The method 1s based on
the perfect snalogy between the strength of the megnetic
field around a conductor and the strength of the induced-~
veloelty field sround a vortex. Electric conductors are
arrsnged to represent the vortex sheet. The magnetic-
field strength is determined by messuring, with an elec-
tronic voltmeter, the voltage induced in a small sesrch
coil by the zlternating current in the wilires representing
the vortex sheet.

A comparison was made of the downwash determined by
means of a vpreliminery electromagnetic-analogy model with
the downwash obtained by calculation for an elliptic wing
having an aspect ratio of 3, The accuracy of the megnetic
me ssurements compared satlsfactorlly with the accurecy of
the downwash calculations

Other spplications of the method include solutions
of nonlinear lifting-surface problems obtained by placing
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the conductors representing the trailing vortices along

- the fluid lines (Helmholtz.condition). A potential-flow
solution for the distortion and rolling up of the trailing-

vortex sheet may be obtained., By use of the Prandtl-

Glauert rule, the llftlnv—suﬁlace theory may be adapted

to 1ﬂc1ude f]PSt nrder compre351b111ty effects.

Langley Memorial heronsutical Laboratory
Nationel Advisory Committee for Aeronautlcs
Langley Field, Va.
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APPENDIX

ALTERVATE MITHODS OF MZEASURING MAGNETIC-FIELD STRENGTH
By R. A. Gerdiner

Seversl methods could be used to make the measurements
described in this revort. The methods that were considered

are:
Pickup Device Measuring Instrument
1. With d-c. field on wing
a. Sesrch coil (flip Rellistic galvenometer

coil or collapse
of field)

be. Rotating sesrch coil

With slip rings A-c. electronic voltmeter
With commuitator D-c. arplifier and voltmeter
c. Setureted-core Suitable electronic
magnetometer egquipment
d. Torsion-type Suitable optical equivment
magnetometer

2. With a-c. field on wing

a. Ssturated-cors Suitsble electronic
magnetometer equipment

b. Bismuth bridge Wheeststone bridge

ce Sesrch coil A-c. electreonic voltmeter

The censiderations that led to ths choice of the
method used (method 2c¢ in ths foregoing list) were the
simplicity, the sturdiness and avallsbility of the equipment,
the development work required, the probasble success and
accuracy, the megnitude of field strength required, the
minimun possible size of the pickup device, and the free-
dom from interference of stray fislds. The cutstanding
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summarized -as. follows: .
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advantages or disadvantéges of the various methods may be

Method la.- The use of a search coil and ballistic
galvanometer 1s the established method of magnetic-field
measurement. In order to secure the necessary sensitivity,
however, a2 rsther delicate galvsnometer would have to be
used and would probably require = special vibration-free
support. The flip coil would require tare readings of the
earth's magnetic field. With a stationary coil and
collapsing field, the inductance of the wing would prevent
the desired instantaneous collapse, the galvsnometer would
not be used in a true ballistic menner, and errors would
result,

Method 1lb.- A rotating ssarch coil and associated
equipment have been used to make magnetic measurements;
however, the induced voltages to be messured are lower than
those ususally measured by this msthod. The necessary
sliding contacts would probesbly introducs thermal
electromotive forces and vsriable resistance and would be
subject to corrosion. Precision msachine work would be
necesseary to minimize difficulties from the motor and
bearings.

Methods 1l¢ and 2a.- It is known that a coil containing
a high-permesbility metel (Permalloy or Mumetal) will have
a large induced voltage across its terminals as the core
becomes magnetically saturated. This induced voltage is
due to the great change in inductance that occcurs at the
saturstion point. This vrinciple has besn used in the
measurement of magnetic fields; the field to be measured
is superimposed upon & field set up in the core and the
change 1in voltage due to saturation is measured. Although
this method can be made very sensitive, a lsrge amount of
electronic equipment is necessary and the presence of a
ferromagnetic substance might cause distortion of the field.

Miethod 1d.~ The use of torsion masnetometer is an accurate
method of measuring the earth's field., A smsll magnet
suspendad by a sultable fiber is deflected by the earth's
field. This deflection is measured and, from the known
magnetic moment of this magnet, the earth's field may be
determined. The meesuring element 1s very sensitive and
the time necessary to teske one resding i1s rather long.

In addition, such an instrument would probably be of
delicate construction.
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Method 2b.~ Resistance change due to the presence of
magnetic lines tskes place in bismuth., Measurement of the
resistance change by use of a bridge is a possible method
of messuring the megnetic-field strength. At present a
powerful magnetic field is necessary in order to make
practicel messurements. Considerations of the available
power supply eliminated this method.

Method 2c¢.- The method finally selected - that using
an a-c. voltmeter, an a-c. field, and g small search coil
for the rickup device - spneared to be the means which
would be lzast troublescome and which would use easily
aveilable and simple components. etails of this method
are given in the revort.
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Figure I. -/llustration of the rolling-up of the ftrailing-vortex sheet
behind a rectangular wing of low aspect ratio.
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Electric wires wound afound these hoops

Distance between coils
equals radivus of cotls

Twisted leads
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Fiqure 2.— A Helmholtz coil. The search
.coil to be calibrated s located In

-thql geometric center of the Helm holtz
coil . :
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Figure 3.- Preliminary electromagnetic~analogy model of elliptic wing
of aspect ratio 3 with flat-plate-type loading. {Wake represented
for distance equal to about twice wing span.)
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Figure 6.- An electromagnetic-analogy model constructed of flat aluminum
strips. (Model represents one semispan of an elliptic wing having an
aspect ratio of 3 with elliptic chord loading.)
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Figure 7.- Representative search coils.
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Frgure 8.-Gerero/ arrarngemernt of e/lectrornagriersc -
aralogy experirmerrt .



NACA ARR No. L5D23

B "o Meosured dota
Y7 ‘l
2 \L
ol
\%/ 7heoretrical curve
.8

nauced Horizonte/ cormporert, ubA" 7,;“

NATIONAL ADVISORY
© COMMITTEE FOR AERONAUTICS
4
é

2

0 L k

0 . ’2 '4 '6‘ 08
Chordwise srotion, x

_gs”

10

Fig. 9

fruere 9. — Chorawise alskrbersons OF Ahe 70m0/rre725/0ra/
= aé/("/"mox ol 55 =0 and
=0.008. Flat-plate e of fooclsg.

Porrzomta/ vesloery camyo

=

4L



“ON ¥V VOVN

7 %’/"; —T | g all
‘ //1 1 |1 /J/'—\ it
6 /] /z/ / | // — ] ol [l
w
X Z/Z Z =0.0/02‘1 = 0.20 /. / y4 z = 0.0/0 5 / yd o
N [ / Z / e //‘—'\\ o
ke b _ . 4 / e “
%_5 s 2 = .0202- = 39 /72, KT .0202— / e L
N / é z= 0368 = .71 in. / DS 0362 AL z=0010%
- | [ ‘ / / / y
%.4 : 020F
n I 11/ 1% P’
L I 1
s U | [/
Al | L
5 -
gl | I
1 | l
i | 1]
! / NATIONAL ADVISORY
0 COMMITTEE FOR AERONAUTICS |
0 2 A& - bz VA7 £ 4 .6 8 40 0 £ 4 .6 .8 1.0
Chordwise statron, r/c Chorawrse Sstafron, x/c Choro’w_;lwe Station, x/c =3
= -Z_=o0. P
(a)z;%= o. (é)zfz,-a.o*. . (c)b/z 0.9. .
Figure /10.— Inducead downwash For several vertrcal heighls or several spanwise stations For an eliplic wing ~aving

o aspect ratio of 3 with flat - plate [ype oF logd/?qg - Faired curves from meesered oarta.

2q‘eQT



NACA ARR No

8
T
6
5

. L5D23
'X/c
=t 78
1
] 525
(@) ;% = 0.
N X/C
L [ 3 —a0.79
‘ﬂ

Y
(5) v/ 0.20.

NMondimensional downwash, wb/R oy
~N

, X
I ¥ 11075
\‘
6 I
~b 25
5 l
' Y .
(C)b/z =0.40.
7 =W '6/C_
| | T bozs
6 X |
25
5
45 02 04

Relotive theight, ég

y‘ _ .
(d)b—z' 0.60.

3/

wb /2 gy

Nondimensional downwaosh,

?\)(‘uib‘b‘sx&s

Pig. 1ia-f

N
™ 1 i
N
™~ x|
= 5075
R
A
A ‘o\'
Y L
(e) b72- - 0-9 °
8 [ NA{TIOINALIADVIISO;)Y l
. \ COMMITTEE FOR AERONAUTICS |
V4 ,
rEEA
\\
SN
N\
4 \\\ y
3 \I Q75
2
J AN
25
0 Bl
O 02 04

Relofrve herght, éz

(F) b7y2— = 0.95.

Figure //.-—Extropo/otior to zero vertieal height of
dofe obrtaired from ar electrormagrietse -arnalogy
mode/ of arr elliptic wirng having an ospect
rafio of 3 . Flat-plate type of Jfoadirg -



NACA ARR No. L5D23 Fig

> 2

AN
. A0 -
S | Y X/
g:ﬂl& }0,75'
SUAN)
\ 3

N

!

3 T |
NS

Tl s

x Calcu/ated pornts

NATIONAL ADVISORY
COMMITTEE FOR AERONAUTICS

NMondimensional downwash ,wb
H

o L 4 .6 8 /0
4
Spanwrse station , Z7>

Frgure /12 .=The rondimersrona/ dowrwassr
W ror am elliptic wing having arn aspect
2o

ratio of 3 wrtp rlot-plate type of /oading
Cormparison of resul/rs obrarned by rmerhod
of referernce 2 wrth data, exfrapolotfed 7o

Z=0,0btarned frorm resrs or prelim/rnary
electrormagnretic-analogy rnode/ -

. 12



amnsumqmﬂummmmmmm:m/umm |




